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Abstract: This paper studies the problem of identification for networked systems. We consider
both heterogeneous and homogeneous networks. It is assumed that the interconnection topology
is time-invariant and known. We demonstrate how the parameter matrices of each individual
subsystem can be identified from the input-output information obtained from the whole network.
To this end, the well-known technique of Maximum-likelihood (ML) is exploited for obtaining
estimations of system matrices.
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1. INTRODUCTION

Networked systems have become fundamental elements
in humans life. Due to their complexity and profound
applications, in different branches of science and technol-
ogy researchers have studied these systems from different
perspectives. In particular, within the field of systems and
control researchers have significantly contributed in our
understandings of these systems see for e.g. Hespanha et al.
(2007), Ren et al. (2007), Zhang et al. (2001). In sys-
tems and control literature networked systems have been
explored from different directions 1 such as distributed
control Sinopoli et al. (2003), Olfati-Saber and Murray
(2002), security Amin et al. (2009), Cárdenas et al. (2011),
coordination control Anderson et al. (2008), Zamani and
Lin (2009), Ji and Egerstedt (2007), dynamical analysis
Zamani et al. (2013), Fax and Murray (2004), Fuhrmann
and Helmke (2013), Zamani et al. (2014) and system
identification Dankers (2014).

The current paper is particularly concerned with the iden-
tification problem for networked systems. It is worthwhile
mentioning that problems associated with identification of
networked systems go beyond common issues discussed in
classical system identification literature. Firstly, it may not
be feasible due to practical or security concerns to obtain
measurements from one or several subsystems within a
network. Secondly, there may exist a causality matter
raising due to the interconnection topology. Thirdly, as
networks are increasing both in number of subsystems and

1 These directions are not necessarily mutually exclusive.

connecting links, any algorithm designed for identifying
such systems must be able to handle this issue.

Despite these motivations, the problem of identification for
networked systems has only recently attracted interest in
systems and control community. We now briefly review
some of them. The authors in Haber and Verhaegen
(2013) proposed a distributed version of moving horizon
estimation method for series networks. The same set of
authors in Haber and Verhaegen (2014), developed a
subspace-based algorithm for identification of parameters
for the same type of networks. The reconstruction of a
cascade system from a given unstructured system estimate
was explored in Sandberg et al. (2014).

The authors of Dankers et al. (2013) extended direct
method in classical closed-loop identification for tackling
the identification problem for networked systems. The
same problem was researched in Van den Hof et al. (2012)
for networked systems with known topology. The work
Sanandaji et al. (2011) explored sparse networks and used
compressive sensing techniques to identify the network
topology.

The authors of Fazlyaband and Preciado (2014) exploited
adaptive control techniques to identify the network topol-
ogy, when it is time-invariant, from input and state mea-
surements. Moreover, the problem of topology identifica-
tion was studied in Shahrampour and Preciado (2014)
using spectral analysis approach. The authors of Hayden
et al. (2014) examined the identification of networked
systems where there exists an unknown intrinsic noise.



In the networked systems literature researchers often start
their analysis by considering the state space representation
(usually linear and time-invariant) that they claim mod-
els the whole network see e.g. Fazlyaband and Preciado
(2014), Shahrampour and Preciado (2014) and Hayden
et al. (2014). The dynamics of each subsystem is usually
assumed to be a simple integrator 2 . Furthermore, the
state matrix usually is equivalent to the adjacency matrix.
In this paper, we propose a formulation that is effective
and provides a good insight into the identification problem
for networked systems. We assume that each subsystem
is finite-dimensional but do not impose any restriction on
its dimension size. Our proposed formulation, enables us
to transform the problem of identification for networked
systems into the well-known problem of identification of
linear time-invariant (LTI) systems that there exist very
well-developed tools to handle.

In the current paper, we assume that the interconnection
topology is known and time-invariant. Furthermore, the
whole networked system is stable. Then our objective is to
find estimates for parameter matrices of each individual
subsystem using measurements obtained from one or more
of them.

To this end, we use the well-known Maximum-likelihood
(ML) technique. It is important to note that standard
approaches to identify systems in state-space form such
as Gibson and Ninness (2005), Agüero et al. (2012) and
Shumway and Stoffer (1982) are not practical for the
problem of interest in this paper. In fact, Expectation-
maximization (EM) estimation algorithms to identify
state-space systems typically utilize fully parametrized
matrices. However, here there exist linear relations be-
tween entries of the network parameter matrices 3 . Hence,
we use the gradient-based algorithm to find solutions for
the ML problem.

The structure of this paper is as follows. In the next
section, the problem formulation is introduced. Then in
Section 3, we briefly review the ML approach. Section 4
introduces a gradient-based solution for the ML estimation
problem. In Section, 5 we present a numerical example.
Finally, Section 6 provides the concluding remarks and
plans for future work.

2. PROBLEM FORMULATION

We consider networks of M linear systems, coupled
through constant interconnection parameters. Each sub-
system is assumed to have the state-space representation
as a linear discrete-time system

xit+1 = Aix
i
t +Biv

i
t

wit = Cix
i
t, i = 1, . . . ,M.

(1)

Here, Ai ∈ Rni×ni , Bi ∈ Rni×mi and Ci ∈ Rpi×ni are the
associated system matrices. We assume that each system
is reachable and observable and that the subsystems are
interconnected by static coupling laws

2 Despite the usual claim, we believe that the generalization of
the existing results into a case with higher dimensions becomes a
nontrivial task.
3 This is imposed due to the interconnection existing among subsys-
tems

vit =

M∑
j=1

Lijw
j
t +Riut + dit ∈ Rmi

with Lij ∈ Rmi×pj , Ri ∈ Rmi×m and ut ∈ Rm. The vectors
ut and dit denote the external input to the whole network
and the disturbance signal affecting each individual sub-
system. Further, we assume that there is a p-dimensional
interconnected output given by

yt =

M∑
i=1

Siw
i
t +Dut + et with Si ∈ Rp×pi ,

where i = 1, . . . ,M and et is the measurement noise.

Define m =
∑M
i=1mi, p =

∑M
i=1 pi, n =

∑M
i=1 ni and the

coupling matrices

L = [Lij ]ij ∈ Rm×p

R =
[
R>1 . . . R>M

]> ∈ Rm×m

S = [S1 . . . SM ] ∈ Rp×p

D ∈ Rp×m

as well as node matrices
A = diag (A1, . . . , AM )

B = diag (B1, . . . , BM )

C = diag (C1, . . . , CM ),

xt :=

 x
1
t
...
xMt

 ∈ Rn

dt :=

 d
1
t
...
dMt

 ∈ Rm.

(2)

Then the networked system may be formulated as

xt+1 = Axt + But +Bdt
yt = Cxt +Dut + et,

(3)

with matrices

A := A+BLC B := BR, C := SC. (4)

The formulation above is useful as it expresses a network
as the LTI model (3) that contains both subsystem and
topology parameters.

Fig. 1 demonstrates how each subsystem is connected
to others and command signal propagates through the
network. It is worthwhile mentioning that from control
design point of view, the matrix L behaves as a form of
output feedback operator for the whole network. In this
paper, we assume that while the topology is known; the
system matrices for each subsystem are not. It is desirable
to find suitable estimates for these parameters using the
available information; viz. yt and ut.

We now state the assumptions used in this paper.

(1) The system (3) is Hurwitz.
(2) The measurement noise process et is i.i.d zero-mean

Gaussian processes. Furthermore, E
[
ete
>
q

]
= Oδtq for

all t, q, where δtq is the Kronecker delta, which is 1
for t = q and 0 otherwise.

(3) The disturbance signals dit, i = 1, . . . ,M, are i.i.d
zero-mean jointly Gaussian processes and E

[
dtd
>
q

]
=

Qδtq.
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Fig. 1. The whole networked system.

We further assume that unknown entries in the system
matrices A,B,C and the disturbance and noise covariance
matrices i.e. O and Q are appropriately parameterized by
the elements of a vector θ ∈ Rnθ . Details on how this may
be achieved are provided in what follows.

Then given the model structure (3), and data records

UN := [u1 . . . uN ] ,

YN := [y1 . . . yN ] ,
(5)

our objective is to find an estimate of the vector θ such
that the input-output series produced by the associated
model best match YN (in sense that will be explained
later). To this end, we use the well-known ML technique
Ljung (1987) which is shortly explained in the next section.

3. MAXIMUM-LIKELIHOOD ESTIMATION

The ML technique is very well-developed see e.g. Ljung
(1987) and Söderström and Stoica (1988). We now in
short review this approach for the purpose of the current
paper. The ML technique requires the formulation of the
joint density pθ(YN ) of the observations, which may be
expressed using Bayes’ rule as

pθ(YN ) = pθ(y0)

N∏
t=1

pθ(yt | yt−1, · · · , y1). (6)

A maximum likelihood estimate θ̂ML of the parameter

vector θ is then defined as any value θ̂ML satisfying

θ̂ML ∈ {θ ∈ Θ : L(θ) ≤ L(θ′), ∀θ′ ∈ Θ} , (7)

where
L(θ) , − log pθ(YN ) (8)

and Θ ⊆ Rnθ is a user chosen compact subset. In the
above, the common notation pθ(YN ) is the likelihood of the
observed data YN given a choice θ of the parameterization
of the system (3). Furthermore, note that while the form
of pθ(YN ) will depend on UN , it is not formally an

argument since it is either a deterministic process or its
data generating mechanism is independent of the choice
of θ (see Goodwin and Payne (1977) page 115). Since the
by assumption et and dt are Gaussian processes, the same
holds for yt and xt (Anderson and Moore (1979) page 18).
Hence, the density pθ(yt | Yt−1) will also be a Gaussian
density and lead to, save for some constants that do not
affect the minimization (7) Åström (1980),

L(θ) =

N∑
t=1

log det{Λt(θ)}+ ε>t (θ)Λt(θ)
−1εt(θ) (9)

where
εt(θ) = yt − ŷt|t−1(θ),

ŷt|t−1(θ) := E [yt|Yt−1, θ]
Λt(θ) := E

[
εt(θ)εt(θ)

>|Yt−1, θ
]
.

(10)

To compute the above quantities, one can use the well-
known Kalman filter Anderson and Moore (1979)

ŷt|t−1(θ) = Cθx̂t|t−1(θ) +Dut,

x̂t+1|t(θ) = Aθx̂t|t−1(θ) + Bθut +Kθεt(θ),

Kθ =
(
AθPt|t−1(θ)C>θ

)
Λ−1t (θ),

Pt+1|t = AθPt|t−1(θ)A>θ +BθQθB
>
θ −KθΛt(θ)K

>
θ ,

Λt(θ) = CθPt|t−1(θ)C>θ +Oθ,
(11)

where
x̂t|t−1 := E [xt|Yt−1, θ]

Pt|t−1(θ) :=
[(
xt − x̂t|t−1

) (
xt − x̂t|t−1

)> |Yt−1, θ] . (12)

4. PARAMETER ESTIMATION

In this section, we estimate the unknown parameters of
the system (3) via the ML method (6)-(12). Note that
the system matrices of (3) are very well-structured. We
now exploit the Gauss-Newton approach to solve the
minimization (7).

The Gauss-Newton approach requires that we run a time-
varying Kalman filter in order to evaluate the cost in (9).
It also requires that we run a time-varying Kalman filter
for each gradient computation.

Consider the closed-loop system (3). We parameterize the
unkonw entries of as

θ :=
[
α> β> ψ> ω>

]>
α := vec [A1, . . . , AM ]

β := vec [B1, . . . , BM ]

ψ := vec [C1, . . . , CM ]

ω := vec [Q,O]

(13)

Now given N observations of the input ut and output yt,
we would like to form an expression for the likelihood
of seeing these output observations as a function of the
parameters θ. As explained earlier, such an expression
can then be maximized over the unknown parameters to
find the ML estimate. To this end, one can equivalently
minimize the negative logarithm 4 of that likelihood, as
expressed in (9).

4 Note that the logarithm is a monotonic function and is numerically
more preferable.



In general, L(θ) cannot be minimized in closed-form and
we will require an iterative procedure to find the minimum.
Possibly the most popular way to achieve this is to use
gradient-based search techniques. An essential ingredient
of these methods involves the computation of the gradient
(and quite possibly higher order terms, which will be dis-
cussed later). In terms of the gradient, it is straightforward
to derive that 5

∂L(θ)

∂θ
=

N∑
t=1

tr

(
Λ−1t

∂Λt
∂θ

)
+ 2

∂ε>t
∂θ

Λ−1t εt

−ε>t Λ−1t
∂Λt
∂θ

Λ−1t εt. (14)

These derivative terms can be found recursively via

∂L(θ)

∂θ
:=

N∑
t=1

tr

(
Λ−1t

∂Λt
∂θ

)
+ 2

∂ε>t
∂θ

Λ−1t εt

−ε>t Λ−1t
∂Λt
∂θ

Λ−1t εt,

∂εt
∂θ

= −∂C
∂θ

x̂t|t−1 −C
∂x̂t|t−1

∂θ
∂x̂t+1|t

∂θ
=
∂A

∂θ
x̂t|t−1 + A

∂x̂t|t−1

∂θ
+
∂B

∂θ
ut +

∂Kt

∂θ
εt

+Kt
∂εt
∂θ

,

∂Kt

∂θ
=

(
∂A

∂θ
Pt|t−1C

> + A
∂Pt|t−1

∂θ
C>

+ APt|t−1
∂C>

∂θ
Λ−1t −Kt

∂Λt
∂θ

)
Λ−1t ,

∂Pt+1|t

∂θ
=
∂A

∂θ
Pt|t−1A

> + A
∂Pt|t−1

∂θ
A>

+APt|t−1

(
∂A

∂θ

)>
+
∂B

∂θ
QB> +B

∂Q

∂θ
B>

+BQ

(
∂B

∂θ

)>
− ∂Kt

∂θ
ΛtK

T
t −Kt

∂Λt
∂θ

K>t

−KtΛt

(
∂Kt

∂θ

)>
,

∂Λt
∂θ

=
∂C

∂θ
Pt|t−1C

T + C
∂Pt|t−1

∂θ
C> + CPt|t−1

∂C>

∂θ

+
∂O

∂θ
.

We now provide an algorithm that demonstrates required
steps for estimation of θ.

Algorithm 1 Algorithm for estimation of θ

initialize θ
repeat
compute Kalman filter (11)
compute (14)
update θ
until convergence of θ

5 As it is clear that all the expressions depend on the choice of θ, in
the upcoming parts we omit θ.

There are several approaches that can be used for imple-
menting the update step in Algorithm 1 see e.g. Chi et al.
(2006). These approaches are divided into two main groups
of first order methods and second order ones. It is not
recommended to use first order approaches as they only
use the gradient by itself that lead to a poor performance of
the search algorithm. In the second order approaches, the
gradient is generally scaled by a positive-definite matrix
Hi, which sometimes turns out to be the inverse of Hessian
matrix, in order to improve the efficiency of the search
procedure. Thus, in this paper we use the following update
role

θi+1 = θi −Hi
∂L(θ)

∂θi
(15)

where θi represents θ at the i−th search step.

The matrix Hi can be assigned in several ways. We now
discuss one possibility for this assignment; viz. Quasi-
Newton approach. This approach iteratively delivers the
matrix Hi as an approximation for the inverse of Hessian
matrix.

4.1 Quasi-Newton Method

There exist variations of Quasi-Newton method. Here,
we briefly discuss one of the most effective ones called
Broyden-Fletcher-Goldfarb-Shanno (BFGS) techinque. In
this approach matrix Hi turns about to be an approxima-
tion for the Hessian matrix and is computed in an iterative
way.

The BFGS method starts with a positive definite proposal
for initialization of Hi. Then this matrix is updated at each
step based on the following equations Chi et al. (2006).

δi = θi − θi−1, (16)

γi =
∂L(θ)

∂θi
− ∂L(θ)

∂θi−1
, (17)

ξi =
γ>i Hi−1γi
γ>i δi

, (18)

Hi =Hi−1 +
1

δ>i γi

[
(1 + ξi)γiγ

>
i − δiγ>i Hi−1 (19)

−Hi−1γiδ
>
i

]
.

The matrix Hi is required to be a positive definite matrix.
The following theorem proves that under the update
law (19), it remains to be positive definite after being
initialized by a positive definite candidate.

Lemma 1. Suppose that the matrix Hi−1 is positive def-
inite, then the matrix Hi generated under the update
role (19) is also positive definite given that δi and γi are
nonzero vectors.

Proof. Refer to Appendix2F in Chi et al. (2006).

5. NUMERICAL SIMULATION

In this section, we consider a network comprising of three
subsystems and the topology as in Fig. 2.
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Fig. 2. A network consisting of three SISO subsystems.
The subsystems, the external input, measurement and
its associated noise are depicted by symbols Ai, i =
1, 2, 3, u , y and e, accordingly. The whole network is
stable and relative weights are set to be unity.

We suppose that each subsystem has the following simple
dynamics.

xit+1 = Aix
i
t +Biv

i
t

wit = xit, i = 1, . . . , 3.
(20)

where A1 = −0.2, A2 = −0.6, A3 = −0.8, B1 = 1.5,
B2 = 3.4 and B3 = 2.6. The linking paramaters are set to

be unity i.e. L =

[
0 0 0
1 0 0
1 1 0

]
, R =

[
1
0
0

]
, S = [0 0 1]. Then it

is easy to verify that the whole networked system depectid
in Fig. 2 can be written as

x1t+1

x2t+1

x3t+1

 =

[−0.2 0 0
3.4 −0.6 0
1.5 2.6 −0.8

]x1tx2t
x3t

+

[
1.5
0
0

]
ut

yt = [0 0 1]xt + et

(21)

where et is a zero-mean Guassian noise and E
[
ete
>
t

]
= 0.1.

The parameter estimation is done with the help of the
package introduced in Ninness et al. (2013). The frequency
domain and the time domain responses for both estimated
system and the actual system are depicted in Fig. 3, Fig. 5
and Fig. 4, respectively. It is very clear from the simulation
results that the response of the estimated model is a close
match to that of the actual system.

6. CONCLUSION

In this paper, the problem of identification for networked
systems with time-invariant interconnection topology was
studied. The topology was assumed to be available and
chosen such that the whole network becomes stable. The
ML technique was employed for obtaining estimations of
parameter matrices. Finally, solutions of the ML problem
were attained through a gradient-based search. There are
several important questions that can be considered as
a part of future research study. For instance, as seen
in Section 5, the interconnection topology in networked
systems has a sparse structure and this constraint needs to
be contemplated in the identification of the whole system.
Furthermore, this paper only examined the problem using
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Fig. 3. The bode diagram of the actual system (21) and
that of the associated estimated system are sketched
in blue and red colors, accordingly.
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Fig. 4. The output response of the system (21).
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Fig. 5. The output response of the estimated model.

one of the possible available techniques that is not scalable.
It would be very interesting to study this problem using



other available approaches that are able to handle this
issue.
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